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Abstract 

By studying the previously known holographic JV = 4 supersymmetric renormalization 
group flow (Gowdigere- Warner) in four dimensions, we find the mass deformed Chern-Simons 
matter theory which has A/" = 4 supersymmetry by adding the four mass terms among eight 
adjoint fields. The geometric superpotential from the eleven dimensions is found and provides 
the M2-brane probe analysis. As second example, we consider known holographic JV = 8 
supersymmetric renormalization group fiow(Pope- Warner) in four dimensions. The eight mass 
terms are added and similar geometric superpotential is obtained. 



1 Introduction 



The three dimensional M = Q Chern-Simons matter theories with gauge group U (N) x U (N) 
and level k have been studied in pL]. This theory is described as the low energy limit of M2- 
branes at C^/Zk singularity. Since the couphng of this theory may be thought of as ^ and so 
this is weakly coupled for large k. In particular, for k = 1,2, the full Af = 8 supersymmetry( 
5*0(8) R-symmetry) is preserved and the theory is strongly coupled. 

The renormalization group (RG) flow between the ultraviolet (UV) fixed point and the 
infrared(IR) fixed point of the three dimensional field theory has a close connection with a 
gauged supergravity solution in four dimensions. There exist holographic RG fiow equations 
connecting AT = 8 50(8) fixed point to A/" = 2 SU{3) x f/(l) fixed point [21 |3](See also 
Moreover, the other holographic RG fiow equations from A/" = 8 50(8) fixed point to A/" = 1 
G2 fixed point also exist [31 El [6](See also [3 El E]). The exact solutions to the M-theory lift 
of these RG fiows are known in [TOl [5] . 

The mass deformed U{2) x U{2) Chern-Simons matter theory with level k = 1 or k = 2 
preserving Af = 2 5f/(3) x U{1) symmetry was studied in [HI [121 US]- For J\f = 1 G2 
symmetric case, the corresponding mass deformation was described in [Tl]. Recently [15] the 
nontrivial nonsupersymmetric fiow equations preserving 50(7)^ have been described in the 
context of A/" = 6 superconformal Chern-Simons matter theory. In , the possibility having 
the flow equations from Af = 1 G2 fixed point to A/" = 2 SU (3) x f/(l) fixed point, by realizing 
1) the negativity of mass term around G2 fixed point and 2) the natural symmetry breaking 
G2 — 5f/(3), was proposed. Very recently, this possibihty was shown in [16j by introducing 
a new superpotential. 

As mentioned and suggested in [15], it is known that there exist Af = 4 supersymmetric 
fiows with equal mass terms for four real scalars in gauged supergravity theory discovered 
by Gowdigere and Warner [17]. All the previous fiow equations were obtained from 5f/(3)- 
invariant sectors of gauged Af = 8 supergravity in four dimensions. Due to the SU{2) x 
SU{2) R-symmetry of A/" = 4 supersymmetry, this A/" = 4 supersymmetric fiows are not 
contained in SU (3)-invariant sectors. We would like to see what is the gauge dual to A/" = 4 
supersymmetric fiows in four dimensions [T7]. Moreover, there exist Af = 8 supersymmetric 
fiows with equal mass terms for eight real scalars discovered by Pope and Warner [18]. In this 
case, the R-symmetry is given by 50(4) x 50(4). We also find out the gauge dual to A/" = 8 
supersymmetric fiows in four dimensions [T8] . 

In this paper, starting from the first order differential equations, that are the Af = 4 
supersymmetric flow solutions in four dimensional Af = 8 gauged supergravity interpolating 
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between an exterior AdS4^ region with maximal = 8 supersymmetry and an interior region 
with A/" = 4 supersymmetry, we would like to interpret this as the RG flow in Chern-Simons 
matter theory broken to the mass-deformed Chern-Simons matter theory by the addition of 
mass terms for the adjoint superfields. An exact correspondence may be obtained between 
fields of bulk supergravity in the AdS^ region in four- dimensions and composite operators of 
the IR field theory in three-dimensions. The three dimensional analog of Leigh-Strassler |19] 
RG flow in the context of mass-deformed Chern-Simons matter theory is expected but the 
present RG flows do not reveal the marginality of Leigh-Strassler because there are no fixed 
critical points. As analyzed in [20] where they observed the work of [19], the beta function 
description in the context of 3-dimensional Chern-Simons matter theory can be done. We 
present the results of probing the eleven-dimensional supergravity solution corresponding to 
RG flows. 

In section 2, we review the supergravity solution in four dimensions in the context of RG 
flow and describe the scalar potential and the superpotential. The analysis for the super- 
symmetry variations on the spin | and | fields is new. In section 3, we deform BL theory 
[211 [221 [23] by adding four mass terms and write down the [SU{2) x f/(l)]^-invariant superpo- 
tential in A/" = 2 superfields. We also describe the corresponding mass-deformed Chern-Simons 
matter theory. In section 4, the 11-dimensional geometric superpotential which reduces to 
the usual AdS^ superpotential for the particular internal coordinate is computed and this is 
needed to analyze the M2-brane probe analysis. 

In section 5, we review the supergravity solution in four dimensions in the context of RG 
flow. The analysis for the supersymmetry variations on the spin | and | fields is made. In 
section 6, we deform BL theory and Chern-Simons matter theory by adding eight mass terms 
and write down the SO {4) x S'0(4)-invariant superpotential in A/" = 2 superfields. In section 
7, the 11-dimensional geometric superpotential is described for the M2-brane probe analysis. 

In section 8, we present the future directions. In the appendices, we present the details 
which are needed for the previous sections 0. 

2 The holographic Af = A RG flow in four dimensions 

The invariant scalar manifold by Gowdigere- Warner [17] consisting of eight scalars has a factor 
50(6,1) X 5*17(2, R) in -^7(7) which has a maximal non-compact subgroup 5L(8,R). The 
special gauge choice reduces this scalar manifold to SL{2, R) x SL{2, R) and eight scalars 

^ There are other related works 'Ml [551 HSl 123 HH 112] which discuss about the different supersymmetric 
theories in the context of Chern-Simons matter theory. 
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go to four. Each SL{2, R) has two supergravity scalars. The noncompact generators of 
5*^(2, R) X SL{2, R) can be written as [17J 

(pijki = - (a cos + sin 0) 6}^^^ + ^ (a cos — ia sin 0) (5ffJ;^ 
2 ■'2 ■' 

+ ^(xcosv. + zxsin^)(5j,^T + ^J^f) + ^(xcos^ - sin ^) + (2-1) {?} 

where ae*'^ parametrizes the one SL{2, R) and x^^"^ parametrizes the other SL{2, R). The real 
parts of these correspond to the 35^ of 5*0(8) and the imaginary parts of these correspond to 
the 35c of 50(8). Then 56-beins V{x) can be written as 56 x 56 matrix of A/" = 8 supergravity 
in four- dimensions whose elements are some functions of scalar, pseudo-scalars, and (p out 
of seventy fields pO] by exponentiating the vacuum expectation value (pijki through 

On the other hand, 28-beins u and f of A/" = 8 supergravity are elements of this V(x) according 
to 

v(x) = I V(x) ) • ^^-^^ ^ • ^ 

One can construct these 28-beins u and v in terms of a, x, and ip using (12.11) . (12. 2p and (12.31) 
explicitly and they are given in (]A.1|) of the appendix A. Now it is ready to get the complete 



expression for Ai and A2 tensors in terms of a, x, and p from T-tensor 

It turns out that Ai tensor has three distinct complex eigenvalues, zi, and Zj, with 
degeneracies 4, 2, and 2 respectively and has the following form [17] 

Ax = diag {zi, zi,zi,zi, Z2, Z2, Z3, Z3) , 

where the eigenvalues are functions of a, x, and ip: 

Zl = cosh a cosh^ X + c"*"^ sinh a sinh^ X; 

Z2 = cosh a cosh^ x + e"**-^'^"'^-' sinh a sinh^ x? 

Z3 = cosh a cosh^ x + e*^^*^"^"^^ sinh a sinh^ x- (2-4) {?} 

One of the eigenvalues of Ai tensor, zi, will provide a "superpotential" of scalar potential V 
and be crucial for the analysis of domain-wall solutions. Of course, the choice for the other 
Z2 or Z3 as a superpotential will give rise to other theory which has different supersymmetry. 
We are mainly concerned with the choice of zi in this paper. 
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Similarly, A2 tensor can be obtained from the T-tensor(triple product of m or f fields: the 
explicit form is given by ( lA.SP ). It turns out that they are written as seven- kinds of fields i/i 
where i = 1, ■ ■ ■ ,7 and are given in (lA.4p and (lA.Sp of the appendix A where some of these 
are related to the derivatives of eigenvalues of Ai tensor zi, Zi or z-^ with respect to a and x- 

Finally, the scalar potential [17] from the general expression of [M] can be written, by 
adding all the components of Ai, A2 tensors, as 



-9 
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Q\W\ 



(2.5) {?} 



where we consider the particular case 
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2' 



and the superpotential |17j is given by 

'1 



P 



+ pcosh(2x) 



Zl, 



(2.6) {?} 



(2.7) {?} 



The other four components for Ai are given by \ {p — p^^ cosh 2%) = Z2 = z^. This implies 
half-maximal supersymmetry(that is. A/" = 4 supersymmetry: this will be clear when we 
understand the variations of spin | and spin | fields later). The scalar potential at the S'0(8) 
UV critical point where a = and x = becomes V = —6g^ where g = and the 
superpotential W becomes 1. Note that the supergravity scalar potential (12. 5p is independent 
of the angles and (p even without the conditions (12.60 . This critical point is common to 
both a scalar potential which has a maximum value and a superpotential (12. 7p which has a 
minimum value and is depicted in Figure 1. The choice (p = = ip where all the Zi^s in (12.40 
are equal preserves A/" = 8 supersymmetry. 

The resulting Lagrangian of the scalar-gravity sector can be obtained by finding out the 
scalar kinetic terms appearing in the action in terms of a, x, 4> and (f. By taking the product 
of An given in (1A.6P of appendix A and its complex conjugation and taking into account the 
multiplicity four, we arrive at the following scalar kinetic term [IT] with (12.60 

id,af + 2{d,xf. (2.8) {?} 

By substituting the domain-wall ansatz 



4 



Figure 1: Three dimensional plots of the scalar potential V = —2g'^ (cosh 2a + 2 cosh 2x) (left) 
given by 112. 5\] and the superpotential W = ^ (e~° + cosh 2%) (right) given by 112. 7\) in the 4- 
diniensional gauged supergravity. The axes (a, x) ^-^e two vevs that parametrize the [SU{2) x 
f/(l)]^ invariant manifold in the 28-beins of the theory. The 5*0(8) UV critical point is located 
at a = X = and has V = —6 and W = 1. We have set the 50(8) gauge coupling g in the 
scalar potential as g = 1. 



with r]fj_i, = (— , +, +) into the Lagrangian, the Euler-Lagrangian equations are given in terms of 
the functional E[A, a, x] [33j- Then the energy-density per unit area transverse to r-direction 
is given by 

/oo 
dre'^ [-3 {2idrAY + d'^A) - (draf - 2 (drxf - V{a, x)] • 
-oo 

Then is extremized by the BPS domain-wall solutions. The first order differential 

equations are the gradient flow equations of a superpotential defined on a restricted two- 
dimensional slice of the scalar manifold and simply related to the potential of gauged su- 
pergravity on this slice via (12 .Sp and (12. 7p . The half-maximal ( A/" = 4) supersymmetric flow 
satisfying the first order differential equations for given superpotential W in (12 .yp leads to the 
solutions [IT] for Q;(r), x(r), y4(r): 

'^ = -V-2aa.w. | = f = V2s,y. (2.9) m 

The flow equations imply that 

1 ko 

a = -log[e-2^ + 7sinh(2x)] and = . J (2.10) {?} 

2 '- -' smh(2x) 

where 7 and k are constants of the integration [17]. In particular, for 7 = 0, a = — x from the 
first equation of (I2.10p all along the flow and from the second equation of (I2.10p goes to 
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zero as X — ^ oo. Note that the superpotential (12 .yp is invariant under x ~X- There exists 
similar behavior in [M] from ten-dimensional type IIB string theory. 

One can understand the BPS bound, so-called inequality of the energy-density as a con- 
sequence of supersymmetry preserving bosonic background. For the supersymmetric bosonic 
backgrounds, the variations of spin-i and spin-|- fields should vanish. The gravitational and 
scalar parts of these variations are |31] : 



5i) 



ijk 



ijk I 



(2.11) {?} 



where the covariant derivative on supersymmetry parameter is given by 



2-M J ' 



B ' ■ 

M 3 



3 (Aj^A^W.-fc 



IJ 



.ikIJ 



d^v.kij) . (2.12) {?} 



Here and are complex conjugates each other under the chiral basis. In this basis, the 7 

ia 



matrices satisfy {7^,7''} = 2g^'' with g^^ = diag(— e , e , e , 1) and 7 







-il 

-a 

field • is a SU{8) gauge field for a local SU{8) invariance, u a spin connection, cr a 



where a* are Pauli matrices and 7^ = 'i7°7^7^7^. Also there is 7*^ 



The 



commutator of two 7 matrices a = ^[7^,7 ]. Under the projection operators (1 ±75)72 the 
supersymmetry parameter has the four column components as {rji, 772, 0, 0) where rji, ri2 are 
complex spinor fields. Moreover, complex conjugate ej is the charge conjugate spinor of e* and 
satisfies ej = C7°^e** and has the 4 column components as (0,0,173 = ^7/2*5^4 = with 



C 











. The explicit form for BJ; is presented in appendix A (lA.Sp . 



The variation of 56 Majorana spinors y^^^ gives rise to the first order differential equation 
of a and x by exploiting the explicit forms of A^^^^ (]A.6|) and A^l^^ (]A.4|) and (lA.SP in 



the appendix A. Although there is a summation over the last index / appearing in A^^^^ 



and A^l^^ in the right hand side of (12.111] . this structure implies that summation runs over 
only one index. The vanishing of variation of x*"''^ for supersymmetry parameter e* where 
z = 1, 2, 3, 4 leads to 



y2e 
\f2e 



-up 



V2t 



d^a - - sinh (2a) d^cj) 
9tiX - 2 sinh (2x) df,(f 
9fiX + 2 sinh (2x) d^yD 



-2ge' 



-up 



da 
dzl 



up 



dx 
dx 



Vi 

V2 



(2.13) {?} 
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Moreover, the variation of gravitinos V'^^g i 2 "^^^^ ^ed.d to 



drA ( M = V2gz, . (2.14) {?} 



Finally, one of the variation of gravitinos ^/'^^a gives rise to 

2dr ( ) = ^^.0 sinh^ « ( ) - v^^^^i (I ) • (2.15) {?} 

Let us denote the complex spinor fields in terms of their magnitudes and phases as follows: 
Vi = \rii(r)\e^^^^^ and 772 = |?72('")|e*^''''^- By multiplying the 772 into the first row and rji into 
the second row in the first equation f l2.13p and combining these two relations, one obtains 
|r7i(r)| = 1772(^)1 = |'7(^)|- Let us consider the equation fl2.15p and substitute the r]i and 772- 
By multiplying e~*^ into the first row and e~*^ into the second row and subtracting these 
two, then one obtains {drP — dr6)ri which implies that P = 6 + const. Now let us analyze the 
equation f l2.14p . From the first row, one gets drA = \/2gzie~'^'^^ . This implies that Zie~'^^^ 
should be real because drA is real. 

Let us compare the second and third equations of (12.130 . One gets 



V2i 



e 



-up 



\f2t 



^vOi - 2 sinh (2x) d^i^ 
9i,X + 2 sinh (2x) d^if 



r)7* 
OX 

_^gi^+2i/3^_ (2.16) {?} 

ox 



Then we obtain e^*^^ = e"^*''^ because the left hand side of second equation of (12.161) is a 
complex conjugation of the left hand side of first equation. This leads to the fact that e^*'^-^ 
is real. Therefore the expression of the bracket in (I2.16P should be real. So one has dr^p = 0. 
Moreover by plugging the expression of Zi, one has cosh a sin(2/3) + sinhasin(2/3 + 0) = 0. 
One simple solution for this gives rise to /3 = and = 0. 

By collecting all the informations so far, one obtains drA = \/2gW because zi becomes 
W. From ( ]2.13p . one also obtains dr-a = —\/2gdaW and drX = ~^9^x^ ■ These are exactly 
the flow equations (12. 9 p we explained before. From (I2.15p . there exists 2dr\'r]\ = —\/2g\ri\W . 
It is straightforward to check that all other supersymmetry parameters e* where i = 5, 6, 7, 8 
vanish. So we have checked these for = f explicitly. 

According to the branching rule of 6 representation corresponding to spin | field of S'[/(4) 
under the SU{2) x SU{2), 6 [(1, 1) © (1, 1)] © (2, 2), the two singlets in square bracket 
correspond to the component of massless graviton of the A/" = 4 theory. From the branching 
rule of 15 representation corresponding to spin 1 field of S'f/(4) under the SU{2) x SU{2), 
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15 [(1,1)] © (1,3) © (3,1) © (2,2) © (2,2), the singlet in square bracket corresponds 
to the component of the massless graviton of the = 4 theory. Finally, spin 2 field with 
the breaking 1 — (1,1) is located at the remaining component of A/" = 4 massless graviton 
multiplet. 

From the decomposition of spin 1 field above, the representation (1, 3) © (3, 1) corresponds 
to the massless vector multiplet of A/" = 4 theory. According to the branching rule of 10 
representation corresponding to spin ^ field of S'f/(4) under the SU{2) x SU{2), 10, 10 — )■ 
[(1, 3) © (3, 1)] © (2, 2), the representations in square bracket correspond to the component 
of massless vector multiplet of the A/" = 4 theory. Moreover, the branching rule for spin zero 
field provides that each representation (1, 3) © (3, 1) from the two 15's of S'f/(4), as above, 
corresponds to the remaining component of massless vector multiplet of the A^ = 4 theory. 

3 The Af = 4: supersymmetric membrane flows in three 
dimensions 

Let us contract the 4>ijkl (12. ip with the gamma matrices F-^. We use F^ = Igxs and 5*0(7) 
gamma matrices F'^ where J = 2, 3, ■ ■ ■ ,8 [35]. We multiply \ ^tT^ ] with F"^ and con- 

\^ l4x4 U J 

struct new gamma matrices \ "'^tf ^ ) ( ^1^^ ) • Let us define the following 

\ l4x4 U y \^ l4x4 U / 

quantity which was introduced in [T7] with new gamma matrices 

Sab = 4'iJKLiX^^^^)ABi 

and one obtains § 

S = diag(a, a, a, a, —a + i2x, —a + i2x, —a — i2x, —a — i2x)- (3.1) {?} 

We want to see how the supergravity scalar fields (a, x) map onto the corresponding boundary 
field theory object. 

Let us consider the BL theory |2T] with SO (4) gauge group and matter fields. Although 
this is not directly connected to AdS/CFT correspondence in the large limit due to the 



^For the Af = 2 SU{3) x ?7(l)fl invariant supersymmetric flow, one can also obtain S — diag(A — i^-, A + 
A, A, A, A, — 3A, — 3A) where A is a scalar field and A' is a pseudo scalar field. The supergravity scalar field 
corresponds to the mass terms of (77) plus (88) components in the boundary theory. The supergravity pseudo- 
scalar field corresponds to the mass terms of (22) minus (11) components in the boundary theory. For Af = 1 
G2 invariant supersymmetric flow one has S — diag ( A cos a — i '''''' ° , A cos a + i ^ ^™ " , A cos a + « A^^LS , A cos a + 
^ A sm a ^ ^ COS Q + i ''"^3" " , A COS a + 1 ^^j-^ , — 7A COS a + i ^ ^™ ° ) where A and a are two supergravity fields. In 
this case, the scalar field A cos a corresponds to the mass term of (88) component in the boundary theory and 
pseudo-scalar field A sin a does the mass term of (11) component. 
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fact that there exist only two M2-branes, the approach to BL theory will give us some hints 
for the gravity duals. We impose the constraint on the e parameter that satisfies the | BPS 
condition(the number of supersymmetries is eight) [36]: Y'^^^^^e = — e with eleven-dimensional 
gamma matrices. The variation for the bosonic mass term 

Cb.m. = -habX'^{m')jjX'j, (3.2) {?} 

plus the fermionic mass term with equal masses 

in the BL theory leads to \X5\ 

Then the bosonic mass term (m^)/jrj should take the form Am'^lTj + Fg + Fg + Fio). Then 
the diagonal bosonic mass term has nonzero component only for (77,88,99 and 1010) and 
other components(33, 44, 55, 66) are vanishing. The degeneracy 4 is related to the A/" = 4 
supersymmetry. Then one obtains the bosonic mass term which appears in (13. 2p 

(m^)/j = diag(0, 0, 0, 0, 4m^, 4m^, 4m^, 4m^). 

Of course, there exist the quartic terms for bosonic field Xf in the deformed full Lagrangian. 
This can be seen from the component expansion in A/" = 2 superspace later. 

Then how do we understand this analysis in A/" = 2 superspace approach? From the 
superpotential [I2] of the BL theory in A/" = 2 superspace with SU{2) x SU{2) = 50(4) 
gauge group, by adding the quadratic mass deformation (13. 2p . we expect to have the full 
superpotential □ 

- ^eABCDe^'"''Z^Z,''Z^ZF ' '^^\Zlf - 2m\Zt)\ (3.3) {?} 

where [12] is an A/" = 2 chiral superfield with SU (4) index A = 1, 2, ■ ■ ■ ,4 and with SO {A) 
gauge group index a = 1,2,- ■■ ,4. The global symmetry S0{8)r of the theory is broken 
to [SU{2) X f/(l)]^ symmetry. The mass terms, the last two terms in (13. 3p . break A/" = 8 
down to A/" = 4. The mass-deformed theory has matter multiplet in two flavors Z^ and Z"^ 
transforming in the adjoint of the gauge group. We'll describe the moduli space characterized 

•^One cannot conclude that the dimension of monomials in the superpotential is the sum of the dimensions 
of each component. There is no conformal fixed point in the IR(for the bulk theory, look at the Figure 1) and 
the RG flow does not terminate at a conformal field theory fixed point, contrary to the case of [TTl [T^ [TB] . 
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by these massless and Z'^ in next section. The 5*0 (8)^^ symmetry of the A/" = 8 gauge 
theory is broken to \SV{2) x SU{2)\r x where the \SU{2) x SV{2)\n is the R-symmetry 

of the TV = 4 theory and one of them SU (2) is a flavor symmetry. Therefore, we turn on the 
mass perturbation in the UV and flow to the JR. This maps to turning on the scalar fields a 
and X ill the AdS/^ supergravity where the scalars approach to zero in the UV(r — )■ oo) and 
develop a nontrivial profile as a function of r ()2.9p and f l2.10p becoming more significantly 
different from zero as one goes to the IR(r — >■ — oo). Similar flow but nonsupersymmetric 
SV{2) X SV{2) X [/(I) critical point was studied in [37]. 

Motivated by the fact that the two M2-branes theory of BL theory is equivalent to f/ (2) x 
U (2) Chern-Simons matter theory with level k = 1 or k = 2(there is further enhancement from 
A/" = 6 to A/" = 8 supersymmetry and two extra supersymmetries transform as SO (6) = SU{A) 
singlets), it is natural to ask what happens for Chern-Simons matter theory when we turn on 
mass perturbation in the gauged supergravity? Let us consider the U (2) x f/(2) Chern-Simons 
matter theory. From the superpotential [13] of U{2) x U{2) Chern-Simons matter theory, the 
quadratic mass deformations are added as follows: 



4! 



-eABCD Tr Z'^Z^^Z^Z^^ - 2m'^T~^ Tr Z'^Z^^ - 2m^T-'^ Tr (3.4) {?} 



where Z^ is also an A/" = 2 chiral superfield with SU (4) index A = 1, 2, ■ ■ ■ ,4 and an operation 
I is defined by Z^^ = —ia2{Z^)'^ia2- The relation of Z^ to SO (4) notation Z^ is described 
in [12]. Note that there exist relations Z^ = and Z'^ = W^. The in fl3.4p is a monopole 
operator [38] which creates two units of magnetic flux when the level k = 1 for the U{1) field in 
the U{1) X f/(l) Chern-Simons matter theory. Note that the SU (4) subgroup of S0{8) consists 
of complex rotation on the four component complex 5*0(8) vector v. Also there exists U{1) 
subgroup which transforms this complex vector as itself with an extra overall phase. Then 
the independent two SU (2) transformations, acting on the first two components of a complex 
vector and on the last two components of a complex vector respectively and the overall phase 
rotation gives a manifest [SU{2) x SU{2)]ji x f/(l) symmetry. When the superpotential 
j^eABCD TtZ^Z^^Z^Z^^ which is proportional to eAscDe^^^^^f in (jS^l) is written 



4.^0- Tt Z'^WbZ^Wd, the [SU{2) x SU{2)]r x f/(l) symmetry is manifest where the 



baryonic f/(l) acts as Z^ e— Z^ and e' — Ws with level [T2|[T3]. 

In order to see the relation between the deformed Lagrangian from BL theory and M = 2 
superspace description, we need to integrate the superpotential over the fermionic coordinates. 
After the integration over the superspace explicitly, the quadratic deformation, the last two 
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terms in (13 ■4p . leads to 

= -m'T-' Tr(C'C*' + C'C^') + T-^^(e^^^ Tr ZaZ^ZcZ^' + e^^^ Tr Z^Z^Z^Z^'), 

where the auxihary field F is replaced using the equation of motion in the last line:F"^ = 
— L^^BCD 2^2^Zd |12] and the component expansions for = 2 superfields are used. Here 
the L is a coefficient of the superpotential term in A/" = 2 superspace. The mass terms 
for the fermions correspond to the action of S introduced in (13.1 p where is related to 
a complex combination of 5-th component 2% and 7-th component —2% of (13. ip and is 
related to a complex combination of 6-th component 2% and 8-th component —2%. Note that 
in component expansion, there exist quartic terms as well as the mass terms for the fermions. 

There are also similar constructions [5^ UHl E] which have A/" = 4 supersymmetry. It 
would be interesting to see how they are related to the present mass-deformed BL or Chern- 
Simons matter theories. 



4 The M2-brane probe 

Now we want to understand the eleven- dimensional solution from the scalar field configuration. 
By applying the formula of [42] to the = 4 gauged supergravity, the 11-dimensional metric 
is given by [IT] 

c \-Xi -^i 0X2 J 

+ L^n^ sin^ e (^r,^ + i-r| + -i-r|) , (4.1) {?} 

where we introduce the following quantities 

c = cosh(2x), /O = e", = cos^ 6' + sin^ 61 cosh(2x), 

1 

(4.2) {?} 

The (Tj and are independent sets of left-invariant one- forms on SU{2). This metric (14. ip 
has a manifest symmetry of SU{2)^ x ?7(l)cr and SU{2)t- x U{l)r- The U{l)a rotates ai into 
(72 while the U{l)r rotates ri into T2. The Killing spinors are singlets under SU{2)r x U{l)a 
and transform as 2±i under SU{2)„ x U{l)r- We'll see that SU{2)^ acts on the complex 
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cos^ 9 cosh(2x) + sin^ 9, Vt 



X1X2 cosh(2x) 



structure in the hyper-Kahler moduli space. Note that the additional isometries of the metric 
transverse to the M2-brane amount to additional global symmetries of boundary field theory 
on the M2-brane. 

The 3-form potential [17j takes the form of 

A^^^ = We'^ dt A dxi A dx2 + tanh(2x) sin 9 cos 9 dO A a-i A T-i 
+ sinh(2x) sin^ 6 cos^ 6 (XiAa2 An 

+ —— sinh(2x) sin^ 9 cos^ 6^ A n A T2. (4.3) {?} 

2X2 

Here W is called "geometric" superpotential |13] and it is given by 



W = ^ = ^ [cos^ 9 + sin^ 9 cosh(2x)] , (4.4) {?} 



which is exactly the same as a half of the superpotential (12. 7p 

~ W 

at = f . 

Let us describe the = 8 four- dimensional gauged supergravity. Now we go to the 
SL{8, R) basis [13] and introduce the rotated vielbeins 

where all indices i,j and a, b run from 1 to 8 and correspond to the realization of -£"7(7) in the 
SU{8) basis and F/j are the SO (8) generators in [5]. We also define the following quantities 

C%j = ^{U'^u + y''')^ D^'''=^{-U''u + y'''')- (4.5) {?} 

The full expressions for these are in f lB.2p . (]B.3|) . ( IB.4|) . (IB.SP and ( ]B.6P from the appendix B. 
Then the "geometric" T tensor [43j can be written as 

T,''' = {Ai^jkD'-^' 5j XMXj - B,i^C% 5 J x,xj) , (4.6) {?} 
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where we have a relation between xj and Y/ that is a coordinate for where X]/=i(^/)^ 
and that is introduced in order to absorb the cross terms between x/'s: 



Yi = 




Y2 = 




Ys = 


-J=ix4, — Xs), 


Y4 = 




n = 




Ye = 




Yj = 




Ys = 


— (Xi +X5). 



From this, the corresponding "geometric" Ai tensor is given by Al'' = and we present 

them in f lRTl) . flRSl) . f lROl) . fiRlOl) . flRTTl) from appendix B. The idea of 03] is to introduce 
geometric analogue of the T-tensor by replacing 5^'^ by x^x'^ . 

By computing the real part of 11-component of the Ai tensor (]B.7p with = and = |, 
one obtains the geometrical superpotential Wgs as follows: 

Wg, = e-" + + + Y^) + e" cosh(2x) {Y^ + + _^ ^^2^ _ ^^ ^^ 

Note that half of the transverse coordinates has common factor and the remaining half of 
them has other common factor. We want to see how this geometric superpotential is related 
to the superpotential (12 .Tp or (14. 4p . There is a chance to compare this (14. 7p with (14. 4p by 
looking at the a and x dependence. Through the relations 

Y2 = cos6'cos(y) sm( ), 

Y4, = cos6'sm(Y) sm( ), 

Ye = sm6'cos(y)sm( — ), 

Fg = sm6'sm(y)sm( ), 

this geometric superpotential (14. 7p reduces to 

Wg, = 2W, 

with (14.41) . Here ai and (3i are Euler angles that parametrize two independent sets of SU{2) 
left-invariant one-forms respectively. Also the usual spherical coordinates for three-sphere can 
be used to write any element of SU{2). This is consistent with the definition of geometric 
superpotential through the superpotential 8W = \ Y^i=i ay^Y' 



Yi 


= cos 9 cos 


^ 2 


) cos 


a2 + as 
^ 2 


Y3 


= cos 6 sin( 




) cos( 


,^2 - a3. 
^ 2 ■ 


Y, 


= sin 6 cos( 


' 2 ' 


cos( 


./32 + /33X 

2 ' 


Y, 


= sin 6' sin ( 


Pi. 
2 ' 


cos( 


/32-/33. 
2 ' 
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Furthermore, by calculating the A2 tensor(we do not present in this paper) obtained from 
the geometric T tensor, one arrives at the geometric scalar potential eventually 



Vgp{a, X, 0) 



-9 



1 

24 



A, 



2 jkl 



= ^ cosh(2x) [(3 + cos[4^]) cosh[2(a - x)] + (3 + cos[4e]) cosh[2(a + x)] 
+ (3 + cos[4x]) sm\2e) - 8 cos(2^) cosh(2x) sinh(2a)l . 



This has a critical point at a = = x and 6 = ^■ 

The potential seen by the M2-brane probe [HI HSj HS] has a factor 



e^^{Q^-2W). 



(4.8) {?} 



The moduli spaces of the brane probe are given by the loci where the potential vanishes. One 
sees that this potential (14. 8 p vanishes at 



cose = 0^9 



TT 

2' 



where we use (14. 2 p and (14. 4p or (14. 7p . On this subspace, the four-dimensional moduli space 
from (14. ip . by multiplying the factor e^^l"^ into the seven- dimensional internal metric, is 
given by 



moduli 



p cosh (2x) e^L^ 



1 J 2 1 



L2 



(-1^ + + 



p2 cosh (2x) 



-To 



(4.9) {?} 



It is evident that the explicit one SU{2) from [SU(2) x S't/(2)]^ invariance is that of the 
flavor symmetry. Note that the other SU{2) acts on the geometry transverse to both the 
M2-branes and moduli space. The vacuum expectation values of the massless scalars are 
denoted by and Z^(that are ^-independent components of and Z"^ respectively) and 
Z*'s transform in the fundamental representation of SU{2) and their complex conjugates 
transform in the anti-fundamental representation of SU{2). That is, and Z'^ parametrize 
the Cartesian coordinates while Z^ and Z^ parametrize the remaining 

Cartesian coordinates ^. The SU{2) flavor symmetry implies that the Kahler 

potential is a function of where let us define = Z^Zi + Z^Z2. Specifying the coordinates 
and indices into holomorphic and anti-holomorphic and if the Kahler structure exists, then 
the metric is given by ds"^ = d^dpK{u'^)dZ^dZ'^ . Then the metric turns out to be 



ds' 



(K' + u'K")du^ + K\tI + r|) + {K' + u'K")r, 



(4.10) {?} 



14 



Is there any connection between (14 .Qp and f l4.10p ? Let us compare (14. 9 p with fl4.10p . Then 
we get 

{K' + u^K")du'^ = pcosh{2x) e^dr'^, 

2 / r^' I 2 ^ ^ ^ 



u\K +u'K 



pcosh(2x)' 



a , L2cosh(2Y)e^ 
u^K = ^ ^' . (4.11) {?} 



From the last equation of (14. lip . 



d{u 

We need to check the second equation of (14. lip . Since 



n^^/ o dK L2cosh(2Y)e^ 
u^K=u^-—- = ^ ^' . (4.12) {?} 



u'iK'+u'K") = u'-^iu'K'), (4.13) {?} 



by substituting (I4.12p into (I4.13p . one has 



2^(2 r^'N d / cosh (2%) e"' 



d{v?) 2pcosh(2x) (ir \ p 

Here we use the following change of variable which can be obtained by using the first and 

i d _ L d 

d(u^) 2pcos]i{2x) dr ' 



second equations of (14. lip u'^^Ar; = 2 cofh(2 after using the flow equations (12.91) 



explicitly we obtain 

L d /L2cosh(2x)e^\ 2L'^e^ 



2p cosh.{2x) dr \ P J pcosh(2x)' 

which is not the right hand side of second equation (14. lip . Therefore, the metric (14. 9 p cannot 
be written as (I4.10p due to the coefficient one of r| in (14. 9p : shortened by a factor |. If the 
coefficient of r| in (14.91) is two, then one can express the metric in terms of Kahler potential 
through fj4lnll . 

On the other hand, one can write the metric (14. 9 p in terms of x variable instead of r using 
the flow equation (12.91) as follows [T7] : 

, 9, cosh(2Y) , , cosh(2Y) ,99, 1 9 

dsXoduU = . J.^ U x' + T— TT^ ^1 + ^2 + Z ^ ■ ^ ^3- 4.14 {?} 

smh (2x) 4smh(2x) 4 cosh(2x) smh(2x) 

There is no p or a dependence on this moduli space metric. As x ~^ 00, the 2-sphere by 
Ti and T2 limits a sphere of radius |. Moreover, by introducing a new radial variable p, the 
metric (14.140 can be written as ^TTj 



ds' 



moduli 
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As X ~^ oo or /i — )■ 1, the branes are spread out over finite two sphere. In this parametrization 
one can do similar analysis of fl4.10p - fl4.13p and obtains the same result: the difference in the 
coefficient of the metric. For ^ = f , the three- form potential fl4.3p becomes [T7] 

~ H-Mt A dxr A dx2, H = e^^^fi-^i ^ sinh^(2x) 

One can easily check that the behavior of the function H gives the right asymptotics for the 
uniform distribution of branes spread over the two sphere at e~^^ = which is another good 
radial coordinate. 



5 The holographic A/^ = 8 flow in four dimensions 



The invariant scalar manifold by Pope- Warner [18] consisting of two scalars has a factor 
5'L(2,R) in -£^7(7) which has a maximal non-compact subgroup S'L(8,R). Then the noncom- 
pact generators of SL{2, R) can be written as [18] 



a cos C + ia sin Q^nki + (^^ cos C, — ia sin Qd^ 



5678 



ijkl ■ 



This can be obtained from (12. ip by taking (j) ^ C, and % — t- 0. See also [35| H6] for the 
SO{p) X 5*0(8 — p) invariant generator of SL{8, R). As we did before, the 56-beins V(x) can 
be written as (12.21) or (12.31) and 28-beins u and v are summarized in fIC.ip in the appendix 
C. It turns out that Ai tensor has one real eigenvalue, zi with degeneracies 8 and has the 
following form 

Ai = diag {zi, zi, zi, zi, zi, zi, zi, zi) , 

with zi = cosh a. 

The scalar potential can be written, by combining all the components of Ai,A2 tensors 
where flC.2p gives the data of A2 tensor, as 



V{a) = -2g^ [2 + cosh(2a)] = 2g^' 



dW 
da 



3W' 



(5.1) {?} 



The superpotential is given by 



W{a) = cosh a. 



(5.2) {?} 



It turns out that the Ai tensor that appears in the gravitino transformation rule has cosh a 
with degeneracy 8. This implies maximal supersymmetry(A/' = 8). We'll check this explicitly 
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Figure 2: Three dimensional plots of the scalar potential V = —2g'^ {cosh.2a + 2) (left) in 
i5.1\] and the superpotential W = cosh a (right) given in ( 15.2)) in the 4-diniensional gauged 
supergravity. The axes (a, C) are two vevs that parametrize the 30(4) x S'0(4) invariant 
manifold in the 28-beins of the theory. The 5*0(8) UV critical point is located at a = ( = 0. 
We have set the SO{S) gauge coupling g in the scalar potential as g = 1. 



later. The scalar potential at the 5*0(8) UV critical point where a = (or r — t- oo) becomes 
V = —6g^ where g = and the superpotential W becomes 1. Note that the supergravity 
scalar potential (15. ip is independent of the angle (. This critical point is common to both a 
scalar potential (15. ip and a superpotential (15. 2p and is depicted in Figure 2. 

The resulting Lagrangian of the scalar-gravity sector can be obtained by finding out the 
scalar kinetic term. We arrive at the following scalar kinetic term ((9^a)^ from (IC.3p . By 
substituting the domain-wall ansatz into the Lagrangian, the energy- density per unit area 
transverse to r-direction is obtained. Then ii^[Q;,x] is extremized by the BPS domain-wall 
solutions. The maximally supersymmetric flow satisfying the first order differential equations 
for given superpotential leads to the solutions for a{r),A{r) and ({r) = const explicitly. The 
dilaton and the axion are function of a{r) and C which remains fixed along the flow: 

da I- ^ dC dA r- 

— = -V2gd^W, -^ = 0, =V2gW. 5.3 {?} 

dr dr dr 

The solutions for flow equations are given by 



e" = coth — , e = sinh — = — -. — , C = const. 
\2L) \L) smha 

Note that the flow is maximally supersymmetric for all choices of C and the potential (15. ip . 
superpotential (15. 2p and the flow (15. Sp do not depend on C,. 

The vanishing of variation of x*'''^ for supersymmetry parameter e' where i = 1, ■ ■ ■ , 8 leads 



17 



to 

-dW 



d^a + - sinh (2a) 
di,a - - sinh (2a) 



^1 / 9a V ^2 



By multiplying the 772 into the first row and r/i into the second row in the first equation (15.41) 
and combining these two relations, one obtains |^7i(r)| = |772('")| = |^('")|- Let us consider the 
equation 

2a.(*)=±.a„Csmh=a.(;;;)-^<,K.-(:|). 

where the upper sign is on the supersymmetry parameter e*=i'2'3,4 g^j^^ ^^le lower sign is on 
the supersymmetry parameter g«=5:6,7,8 ^^-^^ substitute the rji and ri2. We used the result ( IC.4P 
in the appendix C. By multiplying e~*'^ into the first row and e~*^ into the second row and 
subtracting these two, then one obtains {drfS — drS)r] which implies that (3 = 6 + const. Now 
let us analyze the equation 



From the first row, one gets drA = \/2gWe~'^^^. This implies that PFe"^*^ should be real 
because drA is real. 

Let us compare the first and second equations of (15. 4p . Then we obtain e^*'^^ = 
because the left hand side of second equation of (15. 4p is a complex conjugation of the left 
hand side of first equation. This leads to the fact that (3 = 0. Therefore the expression of 
the bracket in (15. 4p should be real. So one has drC = 0. By collecting all the informations so 
far, one obtains the fiow equations (15. 3p we explained before. We have checked that all the 
supersymmetry parameters e* where i = 1 , ■ ■ ■ , 8 do not vanish explicitly. 

According to the branching rule [171 HH HQ] of 8^ representation corresponding to spin 
I field of 50(8) under the [50(4)]^ = [SU{2)]\ 8, ^ (1,2,1,2) © (2,1,2,1), the two 
singlets correspond to the component of massless graviton of the A/" = 8 theory. From the 
branching rule of 28 representation corresponding to spin 1 field of 5*0(8) under the [SU{2)]^, 
28 ^ (2, 2, 2, 2) © (1, 3, 1, 1) © [(1, 1, 1, 3)] © (1, 1, 3, 1) © (3, 1, 1, 1), the singlet in square 
bracket corresponds to the component of the massless graviton of the Af = 8 theory. Finally, 
spin 2 field with the breaking 1 — )■ (1,1,1,1) is located at the remaining component of A/" = 8 
massless graviton multiplet. 

From the decomposition of spin 1 field above, the representation (1, 1, 3, 1) © (1, 3, 1, 1) © 
(3, 1, 1, 1) correspond to the massless vector multiplet of A/" = 8 theory. According to the 
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branching rule of 56^ representation corresponding to spin | field of 5*0(8) under the [S'f/(2)]^, 
56, ^ [(2, 3, 2, 1)0(1, 2, 3, 2)©(3, 2, 1, 2)]©(2, 1, 2, 3)©(1, 2, 1, 2)©(2, 1, 2, 1), the subset of 
the representations in square bracket corresponds to the component of massless vector multi- 
plet of the M = 8 theory. Moreover, the branching rules for spin zero field 35„ — (3, 3, 1, 1) © 
(2, 2, 2, 2)©(1, 1, 3, 3)©(1, 1, 1, 1) and 35^ ^ (1, 3, 3, 1)©(2, 2, 2, 2)©(3, 1, 1, 3)©(1, 1, 1, 1) 
provide the remaining component of massless vector multiplet of the A/" = 8 theory. 

6 The Af = S supersymmetric membrane flows in three 
dimensions 

Let us consider the BL theory with 5*0(4) gauge group and matter fields. The variation for 
the bosonic mass term (13. 2 p plus the fermionic mass term 

leads to the following variation 

Then the bosonic mass term {m'^)ijTj should take the form Xl/ls T/- Then the diagonal 
bosonic mass term has nonzero components for all eight elements. The degeneracy 8 is related 
to the = 8 supersymmetry [501 IMl Elj. Then one obtains the bosonic mass term which 
appears in (13. 2 p 

{Tn?)ij = diag(m^, m^, m^, m^, m^, m^, m^, m^). (6.1) {?} 

From the superpotential of the BL theory in A/" = 2 superspace with SU (2) x SU (2) = 
5*0(4) gauge group, by adding the quadratic mass deformation (16. ip . we have the full super- 



potential □ 



g yABCDe^'''zfZ,^Z^Z^ - ^ (6-2) {?} 



A=l 



where is an A/" = 2 chiral superfield with 5'f/(4) index A = 1,2, ■ ■ ■ ,4 and with 5*0(4) 
gauge group index a = 1, 2, ■ ■ ■ , 4 as in previous section. The global symmetry S0{8)r of the 
theory is broken to [5*0(4) x 5*0(4) x Z2] symmetry. The mass terms, the last terms in (16. 2p . 



*As in previous case, one cannot conclude that the dimension of monomials in the superpotential is the 
sum of the dimensions of each component. There is no conformal fixed point in the IR and the RG fiow does 
not terminate at a conformal field theory fixed point. 
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do not break A/" = 8. The theory does not have matter multiplets transforming in the adjoint 
of the gauge group because all of them are massive. The S0{8)r symmetry of the Af = 8 
gauge theory is broken to [50 (4) x S'0(4)]/j which is nothing but the R-symmetry. We turn 
on the mass perturbation in the UV and flow to the IR. This maps to turning on the scalar 
field a in the AdS^ supergravity where the scalar approaches to zero in the UV(r — )• oo) and 
develop a nontrivial profile as a function of r as one goes to the IR(r — )■ — oo) through (I5.3p . 

From the superpotential of U{2) x U (2) Chern-Simons matter theory, the quadratic mass 
deformations are added as follows: 

^"'eABCD Tr Z^Z^^Z^Z^^ - — ^ Tr Z^Z^^. (6.3) {?} 



4! 



A=l 



Let us consider a vector v on which 5*0(8) acts. Then the first 5*0(4) acts on the first four 
components of the vector while the second 50(4) acts on the last four components of the 
vector. Here Z2 is the transformation which replaces the first four components of the vector 
with the last four components of the vector. Then the 5'f/(4) subgroup above consists of 
complex rotation on the four component "complex" vector. Also there exists U{1) subgroup 
which transform this complex vector as itself with an extra overall phase as in previous section. 
The independent two SU (2) transformations, acting on the first two components of a complex 
vector and on the last two components of a complex vector respectively and the overall phase 
rotation give a manifest SU{2) x SU{2) x U{1) x Z2 symmetry. Note that the subgroup of 
5*0(8) common to both SU{A) x f/(l) for undeformed Af = 6 Chern-Simons matter theory 
and 50(4) x 5*0(4) for the R-symmetry of the theory is nothing but 5*f/(2) x 5f/(2) x f/(l). 
After the integration over the superspace, the quadratic deformation leads to 



f ti^^Tr^Z^Z*^ 

A=l 

4 4 

-m^T-^ Tr ^ C^C*^ + 2m^T-^ Tr ^ F^Z^^ 

A=l A=l 

-m'T-' Tr ^ C\^^ + T-'"^ ^ e^^^ Tr ZaZIZcZ^^, 



A=\ D=l 



?A 



where the auxiliary field F is replaced using the equation of motion in the last line:F"' 
— k^^BCD 2^2^Z£) as in [.12]. One sees that there are also quartic terms above. 

It would be interesting to study whether this mass-deformed theory can be realized in 
terms of A^ = 4 superspace formalism explicitly. 
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7 The M2-brane probe 



It is known in [52] that the four-dimensional TV = 4 50(4) gauged supergravity can be 
obtained from the eleven- dimensions. The 11-dimensional metric is given by [18] 

+ -^cos^e{al + al + al) + ^sm^e{al + al + al). (7.1) {?} 

Here the left- invariant one-forms parametrize the three sphere and similarly other left- 
invariant one-forms parametrize the other three sphere S^. These are invariant under the 
action of the 5*0(4) x 50(4) R-symmetry. An interchange symmetry 6 ^ ^ — 6 and a — > —a 
appears also. The various functions appearing in this metric (17. ip are defined by 



Y = cos^ 9 [cosh(2a) + cos C sinh(2a)] + sin^ 9, 

Y = sin 9 [cosh(2a) - cos C sinh(2a)] + cos^ 9. (7.2) {?} 

The three-form potential is given by 

.fsi k^Z , , , .3 ... wo ^/cos^^ sin^^^ ^ ^\ 

A^^' = :T—dt A dxi A dx2 + sm ( smh(2a) ai A a2 A (T3 di A (T2 A (T3 , 

sinh a V ^ Y J 

where the function is defined as 

Z = \ — (y + y) = cosh a + COS C cos(2^) sinh a. (7.3) {?} 

2 cosh a V / 

When 9 = ^, this Z is identical to W in (15. 2p . As we did before, using the definitions (14. 5p . 
the corresponding 28-beins are obtained in f ID.ip . ( ID.2p . f ID.SP and f lD.4p in appendix D. 

By computing the real part of 11 component of the Ai tensor (ID.Sp . one obtains the 
geometrical superpotential Wgs as follows: 

Wgs = cosh a (Fi' + Yi + Yi + Y^ + Y,^ + Y^ + if + Y^) 

+ cos C sinh a {-Y,^ - Y^ - Y,' - Y^ + Y^ + Y^ + if + Y^) . (7.4) {?} 

We want to see how this geometric superpotential is related to the superpotential (15. 2p . One 
compares this (I7.4p with (17.30 by looking at the a and C dependence. Through the relations 
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this geometric superpotential (17. 4p reduces to 



with fl7.3p and and Pi are Euler angles that parametrize two independent sets of SU{2) 
left-invariant one-forms respectively. 

The potential seen by the M2-brane probe has a factor e^^{Q^ — 2Z) with (17. 2p and (17. 3p . 
The moduli spaces of the brane probe are given by the loci where the potential vanishes. 
There is no solution for internal coordinates satisfying the vanishing of potential. This is due 
to the fact that there are no massless scalars in this maximal case. All of them are massive. 

Furthermore, by calculating the A2 tensor obtained from the geometric T tensor, one 
arrives at the geometric scalar potential 
,2 



Vgp{a,C,0) = ^ [7 + cos(2C) + 2cosh(4a)sin2C -4cosh(2a)(-6 + cos[4^]sinh2a) 



^ - [I -t cosi^zc, J -t- z cosni^^a ) sm c, — ^ cos 
+ 32 cos C cos(2^) sinh(2a) + 2 cos(40) (6 sinh^ a + cos[2C] sinh^ [2a 

This has a critical point at a = = C and = ^. When C = 0, the transverse components of 
three-form potential vanish and A^^^ due to the factor sin ( reduces to 

A(^) = k^R-^dt Adx Ady, H = f " — . 

e-" sin^ e + e"" cos^ 6 

Moreover, by the change of variables appropriately the metric can be simplified as the standard 
harmonic form where the M2-branes are spread out into a solid four-ball. This is consistent 
with the case where x = for A/" = 4 supersymmetric case before. 



8 Conclusions and outlook 

We have found the gauge duals in the context of BL theory (13.31) and (16.21) and Chern-Simons 
matter theory (13.40 and (16. 3p to the holographic M = 4 supersymmetric RG flow and the 
holographic JV = 8 supersymmetric RG flow. 

As pointed out in [TTj, when the parameters satisfy = ±2(^9, then there exist four 
supersymmetries. In other words, M = 2 supersymmetry. In this case, the corresponding 
superpotential will be either Z2 or which has multiplicities 2, 2, respectively. One can 
construct 11- dimensional solution by using the formula given by [12]. According to [17], there 
exists a family of solutions that interpolates between the pure metric flow with = = 
and the flow with = 0, = f • How one can realize this explicitly? 

There are further developments [5^ which generalizes the work of [17], using the Killing 
spinors. So it would be interesting to study [53] in the present context. Moreover, further 
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generalization of [18] arises in the work of [51]. It would be interesting to find out how 
the gauge dual appears. The regularity of the solutions was proved in [55] and it would 
be interesting to find out the implication between the flux configuration and gauge theory 
configuration. 

Besides the two supersymmetric critical points M = 2 SU{3) x U{1) invariant point, 
A/" = 1 (j2 invariant point of four-dimensional JV = 8 gauged supergravity, there exist also 
three nontrivial nonsupersymmetric critical points as well as the trivial N' = 8 5*0(8) critical 
point for the scalar potential:5'0(7)"'", S0{7)~ and SU{4:)~ . It would be interesting to discover 
any flow equations connecting any two (non) supersymmetric critical points. 

Recall that the set of seventy scalars in A/" = 8 gauged supergravity has six singlets of 
SU{3). Three singlets from 35^, and three singlets from 35c. Under the S0{3) = SU{2) 
subgroup of SU{3), the irreducible representation 6 of SU{3) breaks into 5 plus 1. Totally 
the 5'0(3)-singlet space has four more fields and may be parametrized by ten fields. It would 
be interesting to find out any new AdS4 critical points, if any, in the S'0(3)-invariant sector 
of M = 8 gauged supergravity in four-dimensions and see how the gauge duals appear. 
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Appendix A The 28 X 28 matrices u and v, Ai tensor, ki- 
netic terms and SU (8) connection with \SU (2) x 
?7(1)]^ symmetry in 317(8) basis 

The 28-beins u^'^j^l y^J^^ fields, which are elements of 56 x 56 V(x) of the fundamental 
5 6- dimensional representation of -£^7(7) through (12.31) . can be obtained by exponentiating the 
vacuum expectation values (pijki (12.11) via (12. 2p . These 28-beins have the following seven 4x4 
block diagonal matrices Ui and Vi where i = 1, 2, ■ ■ ■ , 7 respectively: 

U^'^KL = diag(Mi,M2,M3, W4, W5,«6,«7), 
^IJKL ^ diag(t;i,f2,t;3,f4,t^5,t'6,f7)- 

Each hermitian(for example, {uiy\2 = ii^iy^Ys)* — ^e'^^'^'^'^^ E) submatrix is 4 x 4 matrix and 
we denote antisymmetric index pairs [IJ] and [KL] explicitly for convenience. For simplicity. 
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we make an empty space corresponding to lower triangle elements that can be read off from 
the corresponding upper triangle elements by hermiticity. Then the 4x4 submatrix leads to 



where the group indices of are different from those of U2 and so on and 



V2 = 



V6 



( 

[12] 

[34] 
[56] 

V [78] 
/ 

[13] 
[24] 
[57] 

V [68] 
/ 

[15] 
[26] 
[37] 

V [48] 
/ 

[17] 
[28] 
[35] 

V [46] 



[56] 



[12] [34] 



[13] 
-e-'^H 



[24] 




[15] 



[26] 




[57] 



[37] 





[17] 



[28] 




[35] 





[78] \ 

gi(0+2^) J 

[68] \ 




[48] \ 




[46] 








/ 


n 91 




[OOJ 


[78] \ 




/ 






[941 








fl2l 


A 


B 


].p-i{'i>-v) 

2 








fl3l 


G 













[34] 




A 






,U2 = 




[24] 




G 










[56] 






A 








[57] 






G 







V [78] 








A ) 




V 


[68] 








G J 




/ 


[15] 


[26] 


[37] [48] \ 


















[15] 


I 






















Ui — 


[26] 




I 







ur, Us 














[37] 






I 


















V [48] 






I J 

















(A.l){?} 



where we introduce some quantities that are functions of a and x ^ follows: 



A = cosh a cosh^ B = cosh a sinh^ x, C = sinh a cosh^ x, 

D = sinh a sinh^ x, E = sinh a sinh(2x) , F = cosh a sinh(2x) , 
G = cosh a, if = sinh a, / = coshx, J = sinhx. 
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The lower triangle part can be read off from the upper triangle part by hermitian property. 
Also, the other kinds of 28-beins Ujj^^ and vjjkl are obtained by taking a complex conju- 
gation of (lA.ip . The complex conjugation operation can be done by raising or lowering the 
indices: {uj^^)* = u^'^j^l and so on. 

The components of A2 tensor, A2 i"^^, are obtained from the defining equation 

T,''' = {n''ij + v'^''){uJ^u'"},,-v,^jKv'"^^'^), (A.2){?} 

and the well-known tensors of the M = 8 gauged supergravity are 

V = -^T^'"^^ V = -^^.'^^^ (A.3){?} 

by substituting (lA.ip into flA.2p and (IA.3P and they are classified by seven different fields with 
degeneracies 4, 4, 2, 2, 4, 4, 4 respectively and given by: 



^2, 1 


- A 

— ^2, 2 


- A 

— ^2, 3 


- A 

— ^2, 4 


= yi = 


2 dx 


^2, 1 


— ^2, 2 


- A 

— ^2, 3 


— ^2, 4 


= y2 = 


9a ' 


A 568 
^2, 7 


— ^2, 8 


= y3 = - 






^2, 5 


— ^2, 6 


= y4 = - 








A 

^2, 7 


— ^2, 7 


- A 1^2 

— ^2, 8 


- A 374 

— ^2, 8 


= y5 = 


2 9x 



4 256 _ 4 165 _ A 456 _ 4 365 ^ _ ^ -iy ^^l 
^2,1 — ^2,2 —^2,3 —^2,4 — 1/6 — 2 ' 

A^r" = = A/f = V6^^ ^ = -V-^, (A.4){?} 



where the redefined functions are given by 



yi = —e^'^ cosh x (cosh a + e*"^ sinh a) sinh x, 

?/2 = —e~'^^ cosh^ X sinh a — cosh a sinh^ x, 

^3 = — e**^ cosh^ X sinh a — e^^**^ cosh a sinh^ 

1/4 = —e"^ cosh^ X sinh a — e^*"^ cosh a sinh^ X; 

1/5 = _le-^('^+^) (e*('^+^^) cosh a + sinh a) sinh (2x) , 

Uq = — e"""^ cosh X (cosh a -|- e^'^ sinh a) sinh x, 

yj = -ie'^('^+^) (e*^cosha + e2^^sinha)sinh(2x). (A.5) {?} 
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We write these in terms of the derivatives of the eigenvalues of Ai tensor (12 ■4p with respect 
to the a and x- K is manifest that A2 ['^^ = —A^ l^'' ■, by definition. Moreover there exists 
a symmetry between the upper indices: A^ [^^ = A^ = A^ ■ Recall that in the 
supersymmetric transformation rules, the A2j^'^^ appears in the equation satisfied by spin-^ 
field (12. lip . This is the reason why we rewrite it in terms of superpotential. 
The kinetic terms coming from the definition 

can be summarized as following seven 4x4 block diagonal hermitian matrices like as 28-beins 
'^^^KL ^^"^ yiJKJ^ as above: 



^UKL ^ ^ig^g ^^^^^^ ^^^^^ ^^^^^ ^^^^^ ^^^^^ ^^^^^ ^^^^^ ^ 

where each hermitian submatrix can be written as follows: 



A 



M,2 



A 



( 


[12] 


[34] 


[56] 


[78] 


\ 


[12] 





-a* 


-6* 


-6 




[34] 







-h* 


-h 




[56] 









—a 




V [78] 











/ 


/ 


[13] 


[24] 


[57] 


[68] 


\ 


[13] 





a* 










[24] 















[57] 









a 




\ [68] 











/ 


/ 


[15] 


[26] 


[37] 


[48] 


\ 


[15] 





h* 










[26] 















[37] 









h 




V [48] 











/ 



-A 



11,3} 



-A 



11,5 



'-A 



(A.6) {?} 



where we introduce 



a = V2e'* (d^,a + - sinh (2a) 9^ 



6 = v^e*'^f5^X+2sinh(2x)9^¥^ 



The lower triangle part of ( ]A.6p can be read off from the upper triangle part by hermitian 
property. Then the final expression of kinetic terms by counting the correct multiplicities is 
given by 



^\A;^'f = {d,af + \ sinh^ (2a) {d,<pf + 2 



{d,xf + Um\i^ (2x) {d,^f 
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In particular, when (j) = and = f , this becomes {d^a)'^ + 2 (d^x)'^ i^i (12. Sp . 
The quantity in the covariant derivative fl2.12p was defined as 



IJ 



ikIJ 



jk 



(A.7) {?} 



and it turns out, by substituting the 28-beins f lA.ip into ( 1A.7p . that it is diagonal and is given 

by 



B ' ■ 

^^ 3 



dia.g{—id^(j) sinh^ a, —id^cj) sinh^ a, —id^cj) sinh^ a, —id^cj) sinh^ a, 

i ((9^0 sinh^ a — 2d^(f sinh^ x) i ^ {dfj.<P sinh^ a — 2d^Lp sinh^ x) ■, 

i {d^(j) sinh^ a + 2d^(p sinh^ x) ■, ^ [d^cj) sinh^ a + 2(9^^9 sinh^ x) )• (A-8) {?} 



Appendix B The 28 X 28 matrices U and V and Ai ten- 
sor with [S't/(2) X U{l)f symmetry in 51.(8, R 
basis 



The 28-beins Aukl^B^/^ ,C^\^ and D^^^^ fields (gS]), that can be obtained from the 
SU{8) basis to the SL{8, R) basis using gamma matrices, have the following four kinds of 
seven 4x4 block diagonal matrices flj, &«, q and di where z = 1, 2, ■ ■ ■ , 7 respectively: 



A 
C 



IJKL 

IJ 
KL 



diag(ai, 02, 03, 04, ag, ae, a-j) 
diag(ci, C2, C3, C4, C5, Cg, Cy), 



diag(6i,62,&3,&4,&5,&6,&7), 

D^-^^^ = diag(c/i, d2, ds, di, 4, 4, dj). (B.l) {?} 



It turns out that the 28-bein Aukl with (IB.ip are given by 





/ 


[13] 


[24] 


[57] 


[68] \ 




/ 


[15] 


[26] 


[37] 


[48] 


\ 




[13] 


a 


—a 


a 


—a 




[15] 


— c 


-d 


d 


c 




02 = 


[24] 


-b 


b 


-b 


b 


04 = 


[26] 


c 


-d 


d 


— c 






[57] 


—a 


—a 


—a 


—a 




[37] 


-c* 


d* 


d* 


-c* 






V [68] 


b* 


b* 


b* 


b* ) 




V [48] 


c* 


d* 


d* 


c* 


/ 




/ 


[17] 


[28] 


[35] 


[46] \ 
















[17] 


-/ 


-/ 


-/ 


-/ 














ae = 


[28] 


9* 


9* 


9* 


9* 


ai = = as 


= as = 












[35] 


f 


-/ 


f 


-f 
















V [46] 


-9 


9 


-9 


9 J 















(B.2){?} 



where we introduce 



a = -\/2cosha, 6 = v^e*'^ sinh a, c = (cosh x + e*"^ sinh x) , 

d = 72 (cosh X - e^'^ sinh x) , / = V2coshx, ^ = V2e^'^ sinh x- (B.3) {?} 
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Compared with the previous 28-beins, there is no hermiticity property in SL{8, R) basis. 
Similarly, one gets the 28-beins Bjj^^ with ( IB.ip and (]B.3|) 
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[i6\ 


[941 


\^7] 
P'\ 
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[4»J 
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ri 

tX 




ri 
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tX 
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[57] 


—a 
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-b* J 




V [48] 


d* 


c* 


C* 
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[35] 
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-/ 


-/ 


-/ 
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[28] 
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-f 
















V [46] 


9 


-9 
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-9 y 















(B.4) {?} 



Moreover, one has the 28-beins C^^'j^^^ with (IB.ip and ( 1B.3P 
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[13] 


[24] 


[57] 


[68] \ 
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[15] 


[26] 


[37] 


[48] 


\ 




[13] 
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—a 
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—a 




[15] 
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-rf* 




c* 
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[24] 
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-b* 


b* 


, C4 — 


[26] 
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rf* 


-c* 






[57] 
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—a 
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—a 




[37] 


— c 
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— c 






V [68] 
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b I 




V [48] 
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[17] 


[28] 


[35] 


[46] ^ 
















[17] 


-/ 


-/ 


-/ 


-/ 














C6 = 


[28] 


9 


9 


9 


9 


ci = = C3 


= C5 = 


C7. 










[35] 
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-f 


f 


-f 
















\ [46] 


-9* 


9* 


-9* 


9* J 















(B.5) {?} 



Finally, we have the 28-beins D^-^^^ with fiRT]) and f lB3|l 
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[13] 


[24] 


[57] 


[68] \ 
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[15] 


[26] 


[37] 


[48] 




[13] 


—a 
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—a 


a 




[15] 


d* 


c* 


-c* 


-d* 


^2 = 


[24] 


-b* 


b* 


-b* 


b* 


di = 


[26] 


-d* 


c* 


-c* 


d* 




[57] 
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a 




[37] 
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—c 


—c 
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V [68] 
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b J 




V [48] 


-d 


—c 


— c 


-d 
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[17] 


[28] 


[35] 


[46] ^ 














[17] 
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C?6 = 


[28] 
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9 
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, di = = d^ 


= -- 
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[35] 


-f 


f 


-f 
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V [46] 


~9* 


9* 


-9* 
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(B.6){?} 



From the definition of (14.61) . one obtains the components of Ai tensor by substituting 
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(IE2]), flRSj) . f lRij) . flR5|) and f lR6|) into (gj]) and the diagonal components are 



A^'' = 2e-*^sinha(-Fi2 _ - - if + co^'^xW^ + + >f + n') 
+ sinh(2x)(-zsin<^(F,2 + - - Y^) + cos<^(-r5^ - Y^ + Y,^ + Fg^))) 
+e''^ cosh a{Y^ + K,' + >f + >f + cosh(2x)(r52 + Y^ + + y^) 
+ sinh(2x)(^sin^(ri2 + _ y2 _ y2^ ^ cosv{-Yi - Y^ + if + Yi)))), 
1^4 ^ _2e-^<^(sinh 0(1^1=^ + Y^ + Fj^ + if - cosh(2x)(Ki' + if + if + if) 
+ sinh(2x)(-^sinv9(Fi2 + Y^ - Y^ - Y^) + cosifiY^ + Fg' - " n'))) 
+e^<^cosha(-ri2 _ y;^ _ _ y^ _ cosh(2x)(r5' + ^e' + + n') 
+ sinh(2x)(^siny.(Fi2 + Y^ - Y^ - Y^) + cos^{Yi + - Y,^ - F^^)))), (b.7) {?} 

where provides the geometric superpotential (14. 7p when we restrict to the case = and 
= I and moreover there are 

_ ^66 _ e-2i<^(2 sinh a(-e*^ sinh(2x) (if + if - if - if) 
+ sinh^ x{-Y,' - Y^ - Yl - Yl + Yl + Y^ + Y^ + Yl) 
+e^'^ cosh^ + Y^ + + Y^ + F^^ + ^ ^^2 ^ ^^2^^ 

+26^"^ sinh a{-2e^''^ cosh^ xl^^i^ + Y^ + if + - Y^ - Y^ - Y^ - Y^) 
-e^^.\nh{2x){Y^ + Yi-Y,'-Yi) 
+ sinh^ xiY^ + F| + Yi + + ^ ^^^2 ^ ^^2 ^ ^^^2^)^^ 
= ^88 _ _2e-*^(cosh a + e*"^ sinh a) sinh(2x) (K;^ + if - if - if) 

+ 2 COSh^ x(-e^^ sinh ^(Fi^ + y| + ^ _ _ ^^2 _ y^2 _ y^2^ 

+ cosha(Fi2 + y^ + ^ + K;^ + ^ ^^2 ^ ^^2^^ 

+26^''^ sinh' x(cosh a{-Y^ - Y^ - Y^ - Y^ + Y^ + Fg' + y^2 ^ ^^2^ 

+e'^ sinh a(Fi2 + Y^ + Ff + Y^ + Fg^ + Fg^ + Ylf + Fg') . (B.8) {?} 

The off-diagonal components are given by 

134 ^ ^56 ^ ^78 ^ 

_ 2e-^(<^+'^)(-l + e2*'^)(e^'^ cosh a - sinh a) sinh(2x)(FiF3 + F2F4), 
1/3 = 2e-*('^+'^)(-l + e2*'^)(e^'^cosha - sinh a) sinh(2x)(FiF4 - F2F3), 
1/7 _ 2e-*'^(-l + e=^*'^)(cosha + e'^ sinha) sinh(2x)(F5F8 + FgFy), 
-I/^ = 2e-^^(-l + e2^'^)(cosha + e^'^sinha) sinh(2x)(F5F7 - FgFg), (B.9) {?} 



I/i = 



A/3 = 



= 

1/3 = 

A" = 
A/8 = 

A/^ = 
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and moreover we have 



A^^ = 2i(coshx - e"''^sinhx)(sin0sinh(2Q;) + smipsmh{2x))iYiY5 + Fs^e) 

— 2i(coshx + e~*'''sinhx)(sin0sinh(2Q;) — sin (^9 sinh(2x)) (1^31^7 + Kilg), 
Ai'^ = 2i(coshx - e~*'^sinhx)(sin0sinh(2a) + smipsmh{2x)){YiY5 + la^e) 

+2i(coshx + e~*'^sinhx)(sin0sinh(2Q;) — sin(^sinh(2x))(F3F7 + I4F8), 
= -2i(coshx - e^'^sinhx)(sin0sinh(2Q;) - sin(^sinh(2x))(yil5 - ^2^5) 

+2i(cosh X + e''^ sinh x) (sin sinh(2Q;) + sin (p sinh(2x)) - Y^Yg), 
A^^ = -2i(coshx - e^*^ sinh x) (sin 0sinh(2a) - sin sinh (2x))(FiF5 - Fa^e) 

-2i(coshx + e*^ sinh x) (sin 0sinh(2a) + sinv3sinh(2x))(F3F7 - Y^Ys), (B.IO) {?} 
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and 



= 2i(coshx - e"^'^sinhx)(sin0sinh(2a) + sin sinh(2x))(FiF6 - >"2>"5) 

— 2i(cosh X + e"*"^ sinh x)(sin0 sinh(2Q;) — sin(/9 sinh(2x))(y3y8 — ^4^7); 
^ -2i(coshx - e"*'^ sinh x) (sin 0sinh(2a) + sin sinh(2x))(yi>6 - ^2^5) 

— 2i(cosh X + e"**^ sinh x) (sin ^ sinh(2Q;) — sin sinh(2x)) (^3^8 — ^4^7) , 
^ -2i(coshx - e^*^ sinh x) (sin (/)sinh(2Q;) - sin (^sinh(2x))(l"il6 + ^215) 

+2i(coshx + e'"^ sinh x) (sin 0sinh(2Q;) + sin (/?sinh(2x))(l3l8 + Y^Y-j), 
A^"^ = 2i(cosh X - e**^ sinh x)(sin 0sinh(2a) - sin ip sinh(2x))(yil6 + ^2^5) 

+2i(cosh X + e**^ sinh x)(sin 0sinh(2a) + sin ip sinh(2x))(^3^8 + YaYj)-, 
A^"^ = 2i(coshx + e**^ sinh x) (sin 0sinh(2a) + sin sinh(2x))(yil7 - 12^8) 

+2i(coshx — e*'^ sinh x) (sin 0sinh(2Q;) — sin sinh (2x))(y3l5 — ^^4^15), 
A^^ = -2i(cosh X + e''^ sinh x) (sin sinh(2Q;) + sin sinh(2x)) (I'll? - Y2Ys) 

+2i(coshx - e**^ sinh x) (sin 0sinh(2Q;) - sin(/?sinh(2x))(y3l5 - Y4Y6), 
A^^ = 2i(coshx + e~^'^ sinh x) (sin 0sinh(2a) - sin 9? sinh(2x))(FiF7 + Fa^^s) 

+2i(coshx — e^*'^ sinh x) (sin 0sinh(2a;) + sin 99 sinh(2x))(V'3F5 + 14^0), 
Ai^ = —2i (cosh X + e^"^ sinh x) (sin 0sinh(2Q;) — sin (/9 sinh(2x))(yiF7 + 5^2^8) 

+2i(coshx — e"**^ sinh x) (sin 0sinh(2Q;) + sin (/?sinh(2x))(i^3i^5 + Y^Yq), 
A^^ = 2i(cosh X + e''^ sinh x) (sin sinh(2Q;) + sin (p sinh(2x)) (l^ils + ^217) 

+2i(coshx - e^"^ sinh x) (sin sinh (2q;) - sin (/7sinh(2x)) (Yale + Y4Y5), 
A^"^ = 2i(cosh X + e'*^ sinh x) (sin sinh(2a) + sin p sinh(2x)) (^11^8 + ^2^7) 

— 2i(coshx — e*'^ sinh x) (sin 0sinh(2a) — sin sinh(2x))(1^35^6 + ^4^5), 
= 2i(coshx + e"*"^ sinh x) (sin 0sinh(2a) - sin(^sinh(2x))(yiF8 - Y2Y7) 

+2i(coshx — e"**^ sinh x) (sin 0sinh(2Q;) + sin (/?sinh(2x))(y3i1j — Y4Y5), 
A^^ = 2i(cosh x + e-^'^ sinh x) (sin 0sinh(2Q;) - sin (^sinh(2x))(yiy8- >2^7) 

-2i(coshx - e-^"^ sinh x) (sin sinh(2Q;) + sin (^sinh(2x))(l3l6 - l4>"5)-(B.ll) {?} 

Note that using the symmetric property A^-^ — Al\ one can obtain the lower triangular parts 
Ai tensor. 
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Appendix C The 28 X 28 matrices u and v, tensor, ki- 
netic terms, and SU(S) connection with S'0(4)x 
S0{4:) symmetry in SU{8) basis 

The 28-beins u^'^j^l and v^"^^^ fields can be obtained by exponentiating the vacuum expecta- 
tion values (pijki fl2.ip via fl2.2l) . The 28-beins have the following seven 4x4 block diagonal 
matrices Ui and f « where i = 1, 2, ■ ■ ■ , 7 respectively as before. Each hermitian submatrix is 
4x4 matrix and we denote antisymmetric index pairs [IJ] and [KL] explicitly: 



Ml = cosh a l4x4 = ^2 = ^3, U4 

/ [12] [34] [56] 

[12] e-'^sinha 

vi = [34] 

[56] 
V [78] 

V4 = V5 =Ve = V7 = 0. 



[78] \ 



e*'' sinh a 
/ 



L4x4; 



-V2 = V3, 



(C.l){?} 



See also [52] for previous construction of these 28-beins from the M = 4 gauged 5*0(4) = 
SU{2) X SU{2) truncation of the full A/" = 8 gauged S'0(8) theory. The components of A2 
tensor, Ag^,^"'^, are obtained similarly and they are classified by two different fields with 
degeneracies 4, 4 respectively and given by: 

■ dW 



^2, 1 



^2, 2 



A 

^2, 3 



A 

^2, 4 



— e *^ sinh a = —e 



da 



A 



678 
2, 5 



A 



587 
2, 6 



A 



568 
2, 7 



576 
2, 8 



3*^ sinh 



da 



(C.2){?} 



We also rewrite them in terms of the derivative of the superpotential with respect to a. The 

kinetic terms can be summarized as following seven 4x4 block diagonal hermitian matrices 

where each hermitian submatrix can be written as follows: 

/ [12] [34] [56] [78] \ 

[12] -a* 

=-A 

-a 

/ 



A 



[34] 
[56] 
V [78] 



/i,2 



A 



A 



M,4 



= A 



/x,5 



A,. 



A 



df,a + - sinh(2a)9^C 



(C.3) {?} 



The quantity in the covariant derivative in fl2.12p is given by 



B 



dia,g{—id^C sinh^ a, —id^C sinh^ a, —id^C sinh^ a, —id^C sinh^ a, 
id^C. sinh^ a, id^( sinh^ a, id^C, sinh^ a, id^C, sinh^ a) . 



(C.4){?} 
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Note that the above results fIC.ip . flC.2p . fIC.Sp . and flC.4p can be read off from the previous 
(lA.ip . (lA.4p . ( ]A.6P and (lA.SP in appendix A respectively by taking — )■ C and x — ^ 0. 



Appendix D The 28 X 28 matrices U and V and Ai tensor 
with 50(4) X 50(4) symmetry in SL{8, R) basis 



Following the notation given in ( IB.ip . one obtains the 28-beins Ajjkl 



a2 



/ [13] [24] [57] [68] \ 

[13] a —a a —a 
[24] -b b -b b 

[57] —a —a —a —a 

\ [68] b* b* b* b* ) 

[17] [28] [35] [46] \ 
-v/2 -v/2 -v/2 -v^ 

[35] ^2 -v^ ^2 -v^ 
V [46] / 



04 





[15] 


[26] 


[37] 


[48] \ 


[15] 










[26] 




-v^ 




-v^ 


[37] 










V [48] 











[17] 
[28] 



Oi = = 03 = as = 07. 



where we introduce 



-\/2 cosh 



a, 



6 = -\/2e*^ sinh a. 



(D.l){?} 



Also one has the 28-beins B^j^^ 



( 


[13] 


[24] 


[57] 


[68] \ 




/ 


[15] 


[26] 


[37] 


[48] \ 


[13] 


a 


—a 


a 


—a 




[15] 


-V2 


-V2 


V2 


V2 


[24] 


b 


-b 


b 


-b 


64 = 


[26] 


V2 


-V2 


V2 


-V2 


[57] 


—a 


—a 


—a 


—a 




[37] 


-V2 


V2 


V2 




V [68] 


-b* 


-b* 


-b* 


-b* ) 




V [48] 


V2 


V2 


V2 


V2 I 



( [17] [28] [35] [46] \ 

[17] -V2 -V2 -V2 -V2 

[28] 

[35] -V2 -V2 

V [46] / 



61 = = 63 



(D.2) {?} 
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Moreover one has the following results C^'^^^ 

/ [13] [24] [57] [68] \ 

[13] a —a a —a 

C2 = [24] -b* b* -b* b* 

[57] —a —a —a —a 

\ [68] b b b b J 

/ [17] [28] [35] [46] \ 

[17] -V2 -V^ -V2 -V^ 
C6 = [28] 

[35] V2 -V2 V2 -V2 

\ [46] y 

Finally, one gets the 28-beins D^^^^ 



( [13] [24] [57] [68] \ 

[13] —a a —a a 

[24] -b* b* -b* b* 

[57] a a a a 

\ [68] b b b b J 

( [17] [28] [35] [46] \ 

[17] ^ V2 v/2 

[28] 

[35] -v^ ^ -^2 

V [46] / 



C4 



/ [15] [26] [37] [48] \ 

[15] -\/2 -\/2 x/2 x/2 

[26] v/2 -^2 v/2 -v^ 

[37] -72 x/2 x/2 -^2 

\/2 V2 ^2 V2 y 



V 



Ci = = C3 = Cs = C7. 



(D.3) {?} 



/ [15] [26] [37] [48] \ 

[15] 72 -72 -v^ 

[26] -72 72 -72 72 

[37] 72 -72 -72 72 

V [48] -72 -72 -72 -72 j 



di — — ds — — ciy. 



(D.4) {?} 



The Ai tensor has the following form: 



11 



^f = = = (Af )* = {AI 



55 \* 



66 \* 





= cosh q; + e"^^ sinh a (-F^^ - - - Y^ + Y^ + Y^ + + Y^) , 




— i sin C sinh {2a) 


{Y,Y5 + Y2Ye - Y^Y, - Y^Ys) , 


A^' 


— i sin C sinh {2a) 


(Yi^ + Y^Ye + YsY, + Y^Ys) , 


If 


= i sin C sinh {2a) 


(-FiFs + Y2Ye + YsYr - Y^Ys) , 


If 


= i sin ( sinh (2a) 


(-F1F5 + Y2Y, - Y,Yj Y,Ys) , 


If 


= i sin ( sinh (2a) 


{Y^Y, - Y^Y, - Y,Ys + KiFr) , 


If 


= i sin C sinh {2a) 


(-FiFe + Y2Y5 - Y^Ys + Y^Y,) , 


If 


— i sin C sinh {2a) 


{-Y,Ye - Y^Y^ + ^3^8 + , 



34 



and 



^1 


— ? c;iri f tjiTin {^rv \ ( 

fj Olll L Ollili 1 ^f_Z J I 


^1 


— ? c;iri I c;irin ('7rv i i 

L olll ^ ollili 1 .ijLx J I 


7 28 
^1 


— 7 c;Tn ( cnnn ( '^/^ i i 

1/ Dili ^ ollili I ( 1 


7 35 
^1 


— t olli L ollili I ZiCt J I 


7 46 
A 


= z sin ^ sinh (2a:) ( 




= i sin C sinh {2a) ( 




= z sin ( sinh (2a) ( 


If 


= i sin C sinh (2a) ( 


If 


= i sin C sinh (2a) ( 


1/2 


= Al^ = Al'' = A 



Y^Y^ + Y^Y, + r3>^8 + Y.Y-,) , 
YiYj - Y2YS + Y,Y, - , 
-Y,Yr + Y2YS + YsY, - n^e) 
FiFr + Y^Ys + Y,Y, + Y,Y,) , 
-Y,Yr - Y^Ys + Y^Y, + Y^Y^) 
YiYs + Y^Yj + Fan + Ws) , 
FiFs + Y^Y^ - Y^Y, - , 
FiFg - Y^Yj + Fsle - Ws) , 
FiFs - 1^21^7 - Y^Y^ + , 
f = If = If = 0. 



(D.5){?} 



There is the symmetric property Al-' = A/*. Note that the above results fID.ll) . flD.2l) . fID.Sp . 
(Id:!) and (lD31l can be read off from the previous (EJ), (El, (EI]), (E6]), (EZl), (El, 
(ESI), fiRTOl) and flRTTl) in appendix B by taking ( and x 0. 
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